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ABSTRACT
In recent years an increasing number of observational studies have hinted at the pres-
ence of warps in protoplanetary discs, however a general comprehensive description
of observational diagnostics of warped discs was missing. We performed a series of
3D SPH hydrodynamic simulations and combined them with 3D radiative transfer
calculations to study the observability of warps in circumbinary discs, whose plane
is misaligned with respect to the orbital plane of the central binary. Our numerical
hydrodynamic simulations confirm previous analytical results on the dependence of
the warp structure on the viscosity and the initial misalignment between the binary
and the disc. To study the observational signatures of warps we calculate images in the
continuum at near-infrared and sub-millimetre wavelengths and in the pure rotational
transition of CO in the sub-millimetre. Warped circumbinary discs show surface bright-
ness asymmetry in near-infrared scattered light images as well as in optically thick gas
lines at sub-millimetre wavelengths. The asymmetry is caused by self-shadowing of
the disc by the inner warped regions, thus the strength of the asymmetry depends on
the strength of the warp. The projected velocity field, derived from line observations,
shows characteristic deviations, twists and a change in the slope of the rotation curve,
from that of an unperturbed disc. In extreme cases even the direction of rotation
appears to change in the disc inwards of a characteristic radius. The strength of the
kinematical signatures of warps decreases with increasing inclination. The strength of
all warp signatures decreases with decreasing viscosity.
Key words: accretion, accretion discs — circumstellar matter — protoplanetary
discs — hydrodynamics
1 INTRODUCTION
Protoplanetary discs are usually thought of as axisymmetric
structures orbiting a single star. However, it is well known
that the geometry of such discs can be more complicated.
In particular, discs in binary systems can be warped. The
orbital plane of the binary and the plane of the outer disc are
likely to be misaligned due to interaction with other stars
or to accretion of randomly oriented gas (e.g. Bonnell et al.
1992; Bate et al. 2010). Such misalignment induces a torque
in the disc, leading to a warped 3D structure.
Until a few years ago, we lacked observational evidence
of warped protoplanetary discs. In binary systems, tilted
discs had been inferred only around X-ray binaries show-
ing a long term modulation of the periodic light curve (see
? juhasz@ast.cam.ac.uk
† facchini@mpe.mpg.de
Kotze & Charles 2012, and references therein), and some
cataclysmic variables (summarised by Olech et al. 2009).
However, very recently, observational features in a few pro-
toplanetary discs have been interpreted as signatures of disc
warping. In particular, the advent of interferometric obser-
vations with the Acatama Large Millimeter Array (ALMA)
has allowed us to start measuring precise gas kinematics via
molecular line profiles, which is one of the most powerful
tools to detect disc warping. For example, Rosenfeld et al.
(2012) have observed an excess in the emission at high veloc-
ity in the inner disc of TW Hya, which they interpreted as
a possible inner warp. Another case is HD 100546, where a
warp has been invoked to interpret the twisted first moment
map of CO (3-2) (Pineda et al. 2014), and even earlier as a
possible explanation of the spiral structure observed in scat-
tered light (Quillen 2006) and of the asymmetric line profiles
from single-dish observations (Panic´ et al. 2010). A very sig-
nificant case is HD 142527. Marino et al. (2015) have mod-
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elled the strongly asymmetric scattered light image of such a
protoplanetary disc with a highly misaligned inner disc, cast-
ing a shadow onto the outer regions. The misaligned inner
disc could be tracing the inclination of the stellar compan-
ion (Biller et al. 2012; Close et al. 2014) observed within the
huge mm cavity of the transition disc. Furthermore, CO (6-
5) ALMA observations of the system have shown a twisted
velocity centroid map (Casassus et al. 2015), which can be
modelled by extreme disc warping, probably caused by a
dynamical interaction with the low mass companion (Casas-
sus 2016). Non-Keplerian flows have also been detected with
lower angular resolution in CO (3-2) (Casassus et al. 2013;
Rosenfeld et al. 2014). Finally, the KH 15D binary system
has been modelled as a compact precessing misaligned cir-
cumbinary disc, which causes the long-term modulation of
the light curve of the system (Chiang & Murray-Clay 2004;
Herbst et al. 2010; Lodato & Facchini 2013; Windemuth &
Herbst 2014). All these observations go together with com-
plementary recent findings, where disc warping has not been
detected yet, but where circumprimary (and sometimes cir-
cumsecondary) discs are clearly misaligned with the orbital
plane of the binary (e.g. Roccatagliata et al. 2011; Jensen
& Akeson 2014; Williams et al. 2014). Some of these discs
are very likely to show kinematic signatures of disc warping,
when higher angular resolution observations will be avail-
able. Finally, the occurrence of particularly deep dimming
events in the optical of some disc-bearing systems (as AA
Tau and RW Aur) has been also interpreted as due to warp-
ing of the inner disc (< few au), where the warp could be
caused both by magnetic fields (see Bouvier et al. 2013, for
AA Tau) or unresolved binaries (see Facchini et al. 2016, for
RW Aur).
The theory of disc warping has anticipated the observa-
tions by several decades (in the protoplanetary regime). For
a recent review on the theoretical basis of the phenomenon,
see Nixon & King (2016). The response of a disc to a non ax-
isymmetric (effective) potential has been initially studied by
Papaloizou & Pringle (1983). This study derived the equa-
tions for the evolution of a warp in a diffusive regime, which
occurs whenever viscous forces dominate over pressure forces
in the disc. Here we define the aspect ratio of a disc as Hp/r,
where Hp is the scale height of the disc and r the radial coor-
dinate, and we parametrise the disc kinematic viscosity with
the simple prescription by Shakura & Sunyaev (1973), i.e.
ν = αcsHp, where cs is the sound speed, and α a dimension-
less parameter  1. The criterion for a diffusively evolving
disc becomes then α > Hp/r (Papaloizou & Pringle 1983).
Ogilvie (1999) has extended the analytic approach to a full
non-linear regime in the diffusive case. When α < Hp/r, the
warp propagates as a bending wave with a velocity ∼ cs/2
(e.g. Papaloizou & Lin 1995; Pringle 1999), since pressure
forces dominate the communication of the external torque.
Linearised equations modelling the warp evolution in such
regime have been derived by Papaloizou & Lin (1995), Demi-
anski & Ivanov (1997) and Lubow & Ogilvie (2000). An ini-
tial study on the non-linear response of these bending waves
is reported in Ogilvie (2006). For typical physical param-
eters, the diffusive regime describes accretion discs around
black holes, whereas the bending waves regime is applicable
to protoplanetary and protostellar discs. Many of these ana-
lytic results have been confirmed via numerical simulations.
In particular, in a linear regime, 3D hydrodynamical sim-
ulations have shown that the warp evolution equations (in
both diffusive and bending wave regime) well describe the
evolution of the disc on short timescales . On longer (close to
viscous) timescales, it is preferable to model the warp evolu-
tion with 3D hydrodynamical simulations, since they include
all the corrected physics in a simple α-disc (Nixon & King
2016). A more detailed discussion on such 3D simulations is
reported in Section 2.
Whereas new observations are probing possible signa-
tures of disc warping, and the theoretical basis of such mech-
anism is well established (at least for α-discs), the connec-
tion between the two has been poorly addressed. In particu-
lar, not much attention has been drawn to observational di-
agnostics of warped protoplanetary discs, in order to extract
quantitative information when such structures are observed.
The effect of the asymmetric illumination of a warped disc
was studied by Terquem & Bertout (1996) in circumbinary
discs while Nixon & Pringle (2010) studied the effect of ir-
radiation in discs warped due to tidal interactions during
a stellar fly-by. These studies noticed that warping induces
significant changes in the spectral energy distribution (SED)
at wavelengths λ > 100µm. Similarly, Flaherty & Muzerolle
(2010) provided a prediction for the SEDs of warped discs,
where the warping was not computed via hydrodynamical
simulations, but was simply parametrised in a razor-thin
model. Rosenfeld et al. (2014) (see also Casassus et al. 2015)
predicted that warps would cause typical twisted first mo-
ment maps in the molecular line emission. Finally, Ruge
et al. (2015) post-processed 3D hydrodynamical simulations
of both coplanar and warped circumbinary discs, showing
how the latter cause an asymmetric illumination that can
be traced in continuum intensities maps by ALMA.
In this paper, we aim to systematically derive observa-
tional diagnostics of warped circumbinary discs. The warped
structures are estimated using 3D smoothed particle hydro-
dynamics (SPH) simulations, and then post processed to ob-
tain both total intensity maps at submm wavelengths, and
radially resolved molecular emission lines. We also provide
similar diagnostics in total intensity maps in scattered light.
We cover a large parameter space, ranging over viscosity,
inclinations and position angles. These predictions can be
used to interpret present and future observations.
2 HYDRODYNAMICAL SIMULATIONS
In order to obtain the warped structure of a misaligned cir-
cumbinary disc, we use the 3D SPH code phantom1 (Price
& Federrath 2010; Lodato & Price 2010; Price 2012), which
has shown significant agreement with both linear and non
linear theory of warp propagation (Lodato & Price 2010;
Facchini et al. 2013; Nealon et al. 2015), and has already
been used to model circumbinary discs (Nixon 2012; Nixon
et al. 2013; Facchini et al. 2013; Cazzoletti et al. 2016; Ra-
gusa et al. 2017).
1 http://users.monash.edu.au/~dprice/phantom
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2.1 Setup
For the simulations, we use a setup very similar to the one
reported in Facchini et al. (2013). All the simulations are
initiated with two equal mass stars on a circular orbit with
a binary separation a. For a coplanar circumbinary disc,
the tidal truncation radius is ∼ 1.7a (Artymowicz & Lubow
1994), and it is not expected to shrink significantly for mod-
erate misalignments (Lubow et al. 2015). We therefore model
the stars with sink particles (e.g. Bate et al. 1995), with an
accretion radius of 0.95a, and a total binary mass of unity
in code units. We are not interested in following the gaseous
streams flowing onto the binary stars, and we choose such
large accretion radii to speed up the computation. The ini-
tial surface density of the disc is:
Σ(r) = Σ0r−1
(
1−
√
rin
r
)
, (1)
where rin = 1.5a and Σ0 is an arbitrary scale parameter in the
hydrodynamical simulations (we neglect self gravity). We set
an initial outer radius rout = 15a. The disc is assigned a lo-
cally isothermal equation of state, with cs ∝ r−1/4, in order
to have a temperature profile that scales as ∼ r−1/2. Tem-
perature and surface density profiles were chosen to match
typical fitted profiles of protoplanetary discs (e.g. Andrews
& Williams 2005, 2007). The aspect ratio Hp/r is set to 0.1
at r = rin. All the discs are simulated with N = 106 SPH
particles.
Some simulations (e.g. Nixon et al. 2013; Facchini et al.
2013) have shown that a circumbinary disc can tear apart
(the same behaviour has been observed both with other
codes and in different contexts, such as circumprimary discs,
accretion discs around spinning black holes, see e.g. Larwood
et al. 1996; Larwood & Papaloizou 1997; Fragner & Nelson
2010; Lodato & Price 2010; Nixon et al. 2012; Dog˘an et al.
2015; Nealon et al. 2015), when the local precession torque
exceeds the local viscous torque (in a diffusive regime). In
the bending wave regime, discs seem to tear apart when
the local precession period induced by the external torque
is longer than the wave communication timescale (see the
Appendix in Nixon et al. 2013; Nealon et al. 2015). Even
though the details of tearing in circumbinary discs are yet
to be thoroughly investigated in the bending wave regime,
we can confidently prevent the disc from tearing apart, by
simulating small/moderate misalignment angles between the
binary orbit and the plane of the disc. We run simulations
with two different initial misalignment angles, denoted by
β0, of 15◦and 30◦. We have checked a posteriori that none
of our simulations shows any sign of disc breaking.
In order to precisely control the physical viscosity in
our simulations we use the setup described in section 6.1 of
Facchini et al. (2013). We compute directly the stress tensor
in the Navier-Stokes equation, following the formulation by
Flebbe et al. (1994), which has proved to mimic the physical
viscosity with high precision (Lodato & Price 2010). We set
the shear viscosity by using the standard α parameter, and
we set the bulk component to 0. The kinematic viscosity ν
is computed via the equation:
ν = α
c2s
Ω
(2)
Table 1. Setup of the SPH simulations. All the simulations are
run for an equal mass binary with separation a, rout = 15a, and
N = 106 particles.
α β0 (◦) Binary orbits N
0.02 15 1130 106
0.02 30 1130 106
0.05 15 600 106
0.05 30 600 106
0.1 15 600 106
0.1 30 600 106
0.2 15 600 106
0.2 30 600 106
In the simulations we still have an artificial viscosity, in or-
der to deal with potential shocks and prevent particle in-
terpenetration using the Morris & Monaghan (1997) switch.
In order for the physical viscosity to be higher than the ef-
fective term generated by the artificial viscosity (Lodato &
Price 2010) our simulations have quite high α values.
As mentioned above, the disc is initially flat on a plane
misaligned to the binary orbit. The disc then evolves, re-
sponding to the external torque of the central binary, until
it reaches a warped quasi steady state. The simulations are
run long enough (for ∼ 600 binary orbits for most cases,
∼ 1130 for the less viscous simulations) that both the sur-
face density and the warp reach such quasi steady state.
Thus the warped structure of the disc is maintained un-
til the end of our simulation. In Table 1 we summarise the
main parameters of the SPH simulations. We did not explore
a large parameter space here, since we preferred doing so in
the post-processing phase for the azimuthal angles and the
inclinations along the line of sight of the simulated discs.
2.2 Results
A warped disc can be parametrised by two angles, which
are function of the (spherical) radius r (see Figure 1). In the
thin disc approximation, we can assume that the disc is com-
posed by a series of flat, infinitesimally thin rings, each of
which can be oriented arbitrarily in space. The orientation of
each ring can be described by its specific angular momentum
l(r). To describe the orientation of l(r) in the 3D cartesian
space we chose a frame of reference in which the angular
momentum vector of the central binary is aligned with the
z-axis. In this case the specific angular momentum of each
ring can be written in the following form (e.g. Pringle 1996):
l(r) = (cosγ(r)sinβ (r),sinγ(r)sinβ (r),cosβ (r))T. The tilt an-
gle, β (r), defines the angle between the direction of the spe-
cific angular momentum of the disc and the binary angular
momentum (i.e. the positive z-axis), while the twist, γ(r),
describes the azimuthal angle of the specific angular momen-
tum with respect to an arbitrary axis perpendicular to the
angular momentum of the binary (i.e. in the xy-plane). Thus,
the misalignment between the binary orbit and a planar disc,
as set in our initial conditions of the SPH simulations, can
be described as a radially independent non-zero tilt angle
β0. In order to obtain β (r), γ(r) as well as the radial surface
density profile Σ(r) from the SPH simulations we compute
azimuthally averaged disc quantities in thin spherical shells.
MNRAS 000, 1–18 (2016)
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Figure 1. Illustration of the warp structure discussed in the pa-
per. The bottom left cartoon shows the orientation of the coor-
dinate system while the blue arrow shows the specific angular
momentum vector at the inner edge of the disc. Panel a: The
structure of an unperturbed disc whose rotation axis is aligned
with the z-axis of a cartesian coordinate system is axisymmetric
around the z-axis and has a mirror symmetry with respect to the
x-y plane. Panel b: A warped disc is characterised by two angles:
the twist (β (r)) and the tilt (γ(r)) defined in a coordinate system
aligned with the orbital plane of the central binary. The tilt angle
is the angle between the positive x-axis and the projection of the
specific angular momentum vector onto the x-y plane. Panel c:
Without the knowledge of the binary orbit one can only deter-
mine quantities defined in a coordinate system aligned with the
disc itself at a characteristic radius. In this figure the coordinate
system is aligned with the outer edge of the disc.
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Figure 2. Cross section of the final snapshot of the most viscous
disc (α = 0.2). Colour coding shows density on a logarithmic scale,
in arbitrary units.
The procedure is described in section 3.2.6 of Lodato & Price
(2010).
In Figure 2 we show the cross section of the most viscous
disc (α = 0.2) at the end of the simulation. As expected, the
disc shows a warp in the inner regions. To be more quantita-
tive, we illustrate the tilt and the twist angles as a function
of radius for all our simulations in Figure 3. The angles have
been estimated out to r = 30a, since the disc has significantly
spread in the radial direction due to pressure forces (the ini-
tial condition truncates the surface density at r = 15a) and
viscous spreading. The tilt dependence on radius does not
vary much with viscosity, for a given fixed initial misalign-
ment (β0). However, the tilt as a function of radius shows a
strong dependence (∼ linear) on β0. This indicates that the
tilt structure is mostly determined by the non-Keplerian disc
profile (see Section 3.3 of Foucart & Lai 2013). The semi-
analytical simulations by Facchini et al. (2014) also confirm
that this should happen in the region of the parameter space
explored in this paper. For the highest viscosities, the disc
is slowly getting aligned with the binary plane, as expected
from viscous damping (Bate et al. 2000; King et al. 2013).
On the contrary, the twist angle does not depend on the
the initial misalignment, β0. This is also shown in Figure 3b,
where we plot the difference between the twist angle in the
outer and in the inner regions of the simulated disc (∆γ) as
a function of viscosity. The angle ∆γ is roughly linear with
α, as analytically predicted by Foucart & Lai (2013) and
confirmed by Facchini et al. (2014) (in the bending wave
regime).
2.3 Observability of warp fine structures
While the tilt and the twist angles contain important in-
formations on the formation and evolution of warped discs
they are observationally extremely challenging to determine
with current instrumentation. The most important reason
for that is that β and γ describe the orientation of the specific
angular momentum of the disc at each spherical radius with
respect to that of the central binary. Therefore, to observa-
tionally constrain β and γ one has to know the orientation of
the binary orbit and/or their specific angular momentum in
MNRAS 000, 1–18 (2016)
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Figure 3. Tilt and twist angles of the SPH simulations. Colours indicate different viscosities: blue, black, red and green lines are
associated with α = 0.02, 0.05, 0.1 and 0.2, respectively. Thick lines show the simulations with initial inclination i = 30◦, and thin lines
simulations with i = 15◦. Panel a and b shows the tilt (β) and the variation of twist between the inner and the outer radius (∆γ) defined
in the coordinate system aligned to the orbit of the binary. It is easily seen that for a fixed binary parameters and orbit β depends very
weakly on the viscosity but instead is determined by the initial misalignment angle between the disc and the binary. In contrast, ∆γ, the
total variation of γ in the disc, is set by the viscosity and is independent of the initial misalignment if the binary orbit and mass ratio is
fixed. Panel c and d shows the tilt (β ′) and the variation of the twist (∆γ ′) angles defined in a coordinate system aligned to the plane of
the outer edge of the disc (see Section 2.3 and Figure 1 for definition). While the most important parameter determining β ′ is still the
initial misalignment the scatter is larger than for β in Panel a. ∆γ ′ seems to depend extremely weakly on the viscosity.
an absolute sense. This is extremely challenging to measure
as either the binary cannot be spatially resolved, or there
might be not enough astrometric measurements to precisely
determine the orientation of the orbit.
Given the lack of information on the binary angular mo-
mentum vector, spatially resolved observations of circumbi-
nary discs can only provide us with information in a refer-
ence frame that is aligned with the disc itself at a certain
reference radius. To derive observable quantities in this ref-
erence frame we assume a coordinate system whose positive
z-axis is aligned with the specific angular momentum of the
outer edge of the disc. We will denote the quantities in this
coordinate system with ′. Thus β ′ and γ ′ will now describe
the warp structure with respect to the disc itself. β ′ describes
the relative inclination of a given annulus in the disc with
respect to that of the outer edge of the disc, while γ ′ defines
the direction of the line of nodes of a given annulus with
respect to an arbitrary direction in the x′−y′ plane. Similar
to the definition of β and γ, β ′ and γ ′ can be calculated from
the specific angular momentum at each radius. The trans-
formation between the frame of the binary and the frame of
the outer edge of the disc is given by
l′(x′,y′,z′) = Ry(βout) ·Rz(γout) · l(x,y,z) (3)
where · represents matrix multiplication, βout and γout are
the twist and the tilt angles taken at the outer radius of
the disc, while Ry(βout) and Rz(γout) are rotation matrices
around the y- and z-axis, respectively
Ry(βout) =
cosβout 0 −sinβout0 1 0
sinβout 0 cosβout
 (4)
Rz(γout) =
 cosγout sinγout 0−sinγout cosγout 0
0 0 1
 . (5)
Thus the normalised specific angular momentum com-
ponents in the coordinate system aligned with the plane of
the outer edge of the disc will be
l′x = cosβout cosγout sinβ (r)cosγ(r)+
cosβout sinγout sinβ (r)sinγ(r)− sinβout cosβ (r) (6)
l′y = cosγout sinβ sinγ(r)− sinγout sinβ cosγ(r) (7)
l′z = sinβout cosγout sinβ (r)cosγ(r)+
sinβout sinγout sinβ (r)sinγ(r)− cosβout cosβ (r). (8)
The twist and the tilt in this frame of reference can now
be calculated from
MNRAS 000, 1–18 (2016)
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cosβ ′ = l′z (9)
tanγ ′ =
l′y
l′x
. (10)
We present β ′ and γ ′ as a function of radius in Fig-
ure 3c,d. The total tilt of the disc, i.e. the difference in the
tilt angle at the outer and the inner radii, is very similar
both in the frame of the binary (∆β ) and in the frame of the
disc (∆β ′). Similar to β the β ′ curves also form two groups
separated by the initial misalignment angle between the cen-
tral binary. This suggests that in our simulations the initial
misalignment angle is the most important parameter deter-
mining the tilt of the disc, and this is independent of the
choice of the frame of reference. Interestingly, ∆γ ′ is signifi-
cantly smaller than ∆γ. The total twist in the frame of the
disc is not larger than 10◦in any of the models.
3 RADIATIVE TRANSFER
To study the detectability of warps in protoplanetary discs
we used the 3D radiative transfer code radmc-3d2. The ra-
diative transfer simulations contained two steps. First the
temperature of the dust in the disc was calculated in a ther-
mal Monte Carlo simulations, then we calculated images in
near-infrared scattered light as well as in continuum and gas
lines at sub-millimetre wavelengths.
We used a 3D spherical mesh to discretise our model
with Nr=200, Nθ=180, Nφ=180 grid cells in the radial,
poloidal and azimuthal directions, respectively. The inner
and outer radius of the mesh was chosen to be 10 au and
150 au and the grid cells were distributed logarithmically in
the radial directions. In the poloidal directions 10,80,80,10
grid cells were distributed in an equidistant grid in the [0,
pi/2-1.1], [pi/2-1.1, pi/2], [pi/2, pi/2+1.1], [pi+1.1, pi] intervals,
respectively. For the azimuthal grid we used an equidistant
grid in the [0, 2pi] interval.
Since SPH simulations in general do not have high
enough resolution high above the mid-plane, where the den-
sity is significantly lower than in the disc mid-plane (thus
the smoothing length is very large), we did not use the den-
sity of the SPH simulations directly. Instead we used the tilt
(β ) and twist (γ) angles as well as the surface density as a
function of radius (Σ(r)) to generate the density structure
of the disc in the following way. We described the density
structure as
ρ(x′′,y′′,z′′) =
Σ(x′′,y′′)
Hp(x′′,y′′)
√
2pi
exp
[
− z
′′2
2Hp(x′′,y′′)2
]
(11)
where Hp is the pressure scale height and Σ is the surface
mass density. x′, y′ and z′ are the cartesian coordinates in a
frame of reference in which the x′y′-plane is aligned with the
plane of the outer edge of the disc. x′′,y′′,z′′ are the cartesian
coordinates in the frame in which the x′′y′′-plane is aligned
2 http://www.ita.uni-heidelberg.de/ dullemond/software/radmc-
3d/
with the plane of an annulus in the disc at a given radius.
The transformation between the two frames is given by
x′′y′′
z′′
=
 cosβ ′ 0 sinβ ′0 1 0
−sinβ ′ 0 cosβ ′
cosγ ′ −sinγ ′ 0sinγ ′ cosγ ′ 0
0 0 1
x′y′
z′

(12)
Here, γ ′ and β ′ are the radial dependent twist and tilt angles,
respectively, derived from the SPH simulations. The con-
nection between the cartesian coordinates and the spherical
coordinates of the spatial grid is given by the usual trans-
formation
x′ = r sinθ cosφ
y′ = r sinθ sinφ
z′ = r cosθ . (13)
We assumed that the pressure scale height to be
a power-law as a function of radius such that Hp(r) =
0.1(r/rin)ζ with rin being the inner radius of the disc, which
we assumed to be at 10 au, and ζ = 0.25 is the flaring index,
in agreement with the sound speed radial profile used in the
SPH simulations. The disc outer radius rout is thus at 150 au.
We assumed that the stars have the parameters of Herbig
stars, i.e. R?=2.5 R, M?=2 M, T?=9500 K, and a distance
of the source from the observer of 100 pc. Dust particles in
the model had a grain size distribution between 0.1 µm and
1 mm with a power exponent of -3.5. The dust opacity was
calculated from the optical constants of astronomical silicate
(Weingartner & Draine 2001) using Mie-theory. The disc
mass was assumed to be 0.01M with a dust-to-gas ratio of
0.01. The stellar parameters as well as the most important
parameters of our disc model are summarized in Table 2. For
the CO abundance, with respect to molecular hydrogen, we
assumed 10−4 and a 17O/16O isotopic ratio of 2160. In the
whole paper, with CO we mean the 12CO isotopologue. CO
and its isotopologues are known to freeze out to dust grains
if the dust temperature drops below ∼ 19K decreasing the
gas phase abundance of these molecules by several orders
of magnitude. However, in our models the temperature is
above 19 K everywhere in the disc due to the high luminos-
ity of the stars, thus freeze out of CO and its isotopologues
does not have any effect on our models. To simulate pho-
todissociation by the UV radiation of the stars we removed
all CO from the upper layers of the disc where the radial
optical depth as seen from the stars at 0.5 µm is lower than
unity.
We calculate continuum images in the H-band at
1.65 µm and 880 µm (ALMA Band 7) as well as chan-
nel maps in the J=3-2 line of CO (345.795989 GHz). To
study the effect of optical depth on the line profile we also
calculated channel maps in the J=3-2 transition of 13CO
(330.5879652218 GHz), C18O (329.3305525 GHz) and C17O
(337.0611298 GHz). For the channel maps we assumed a ve-
locity resolution of 0.2 km/s. To study the effect of inclina-
tion we calculate images at 0◦, 45◦and 90◦inclination angles.
Since the inclination angle of the disc changes as a function
of radius due to the warping of the disc, unless specified oth-
erwise, inclination means the inclination angle at the outer
edge of the disc. Synthetic observations were created by con-
volving the near-infrared images with a 0.04′′Gaussian PSF,
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Table 2. Summary of the stellar and disc parameters used in the
radiative transfer calculations.
M? 2 M
R? 2.5 R
Teff 9500 K
Mdisc (dust+gas) 0.01M
Mdust/Mgas 0.01
Rin 10 au
Rout 150 au
Hp(Rin) 0.1
ζ 0.25
which is the resolution of SPHERE on VLT, the current
state-of-the-art near-infrared camera. In the sub-millimetre
synthetic observations with ALMA were generated using the
Common Astronomy Software Applications (CASA) v4.2.2
using the simobserve task to generate synthetic visibilities
and the clean task for imaging. The full 12m Array was used
for the simulated observations in two different configurations
resulting in a spatial resolution of approximately 0.09′′. For
continuum simulations we assume the full 7.5 GHz contin-
uum bandwidth of the ALMA correlator and calculate the
visibilities for a total integration time of 30 minutes. For the
gas line simulations we assumed an integration time of 4 h.
We did not add any instrumental or atmospheric noise
to our synthetic observations. The noise seen in the images
are numerical noise originating in hydrodynamic and/or ra-
diative transfer calculations or due to the incomplete sam-
pling of the Fourier-plane in the synthetic ALMA observa-
tions. The reason for the lack of any additional observa-
tional uncertainty in our synthetic observations is that our
intention was to show the amount of asymmetry intrinsic
to a warped disc without any corruption by an instrument
or the Earth’s atmosphere. The noise level in any obser-
vation depends on the parameters of the observation itself
(e.g. integration time, instrumental characteristics, weather
conditions, etc). If we assumed a given set of such observa-
tional parameters the resulting noise level may hide some of
the effects related to the presence of a warp, such as sur-
face brightness asymmetry, which may not show up in our
predictions but would be visible in deeper observations.
While observables are calculated for all hydrodynamic
models in the following we show the results of the simulation
with α = 0.2. To identify the signatures of the warp in the
synthetic observations, we also calculated a reference model
without a warp. To ensure a meaningful comparison in the
reference model we took the surface density from our fiducial
model with α = 0.2, but we set β (r) and γ(r) to zero.
4 RESULTS
4.1 Disc structure
We present the disc density and temperature structure of
our fiducial model in Figure 4a–c. The temperature struc-
ture of a warped disc is significantly altered compared to
an unperturbed disc. In a symmetric unperturbed passive
irradiated disc the vertical density and temperature profiles
are inversely correlated such that the temperature increases
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Figure 4. Density and temperature structure of a warped cir-
cumbinary disc in a vertical slice in the rz-plane at φ = 0◦ (a) and
in the φ − θ surface at r = 12 au (b) and at r = 100 au (c). The
colour-scale image shows the logarithm of the dust density in the
disc while the white contours show the dust temperature. The
black contour shows the location of the radial optical depth of
unity at 0.5 µm.
from the disc mid-plane, where the density is the highest,
towards the disc atmosphere, where the density is the low-
est. In a warped disc this is not necessarily the case. While
close to the inner edge of the disc this inverse correlation
still holds (Figure 4b), it breaks further out in the disc. It
can be seen in Figure 4c that at 100 au distance the vertical
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Figure 5. Morphology of warped discs in near-infrared scattered light observations. Panel a shows a cartoon of a symmetric disc while
Panel b–d shows a cartoon depicting the structure and orientation of the warp shown in the synthetic images in each column. The
colourscale shows the height above the mid-plane of the disc with blue showing structures below the mid-plane while red shows regions
above the mid-plane. The second, third and fourth row from the top show the scattered light images at i = 0◦, i = 45◦ and i = 90◦
inclination angles, respectively. The second, third and fourth column from the left shows the synthetic H-band scattered light images of
our fiducial warped disc model, while the leftmost column shows the images predicted images of an unperturbed, symmetric disc. Warped
discs show an azimuthally asymmetric surface brightness distribution at all inclination angles, even if seen perfectly face on. The surface
brightness asymmetry is due to the shadowing of the outer disc by the inner regions. The position angle of the asymmetry is set by the
orientation/position angle of the warp.
temperature profile is not coupled to the local density, but
shows correlation (i.e. similar azimuthal modulation) with
the vertical density structure in the inner disc at 12 au. This
means that at 100 au radius, the lowest temperature occurs
at different heights and densities at different azimuth angles.
Since in a passive disc the dust temperature is determined by
the absorbed stellar radiation, the correlation between the
density at the inner edge of the disc and the temperature
at larger distances from the star suggests that the primary
cause of the temperature perturbation is the self-shadowing
of the disc by its inner edge where it is curved out of the
plane of the outer disc.
The requirement for the inner disc to cast a shadow
at a given radius r is β ′(rin) ≥ Hs(r)/r−Hs(rin)/rin, where
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Hs(r) the height of the surface layer above the mid-plane.
In the unperturbed, reference model Hs(r)/r = 0.23 and
Hs(r)/r = 0.38 at the inner and outer radius of the disc, re-
spectively. Thus we would expect to see the effect of non-
axisymmetric self-shadowing if β ′(rin) ≥ 8.6◦, which is the
case in all but two models (see Figure 3). Even though this
limit may change somewhat depending on the optical prop-
erties of the dust grains in the disc as well as on the flar-
ing index, it is reasonable to assume that the critical β ′(rin)
above which the non-axisymmetric self-shadowing occurs is
on the order of Hp/r.
Due to the strong three dimensional perturbations one
expects two kinds of observational signatures from a warped
circumbinary disc: surface brightness asymmetries caused by
the self-shadowing of the disc and kinematical asymmetries
due to the globally non-axisymmetric velocity field. In the
following we will investigate both continuum and gas line
observations and look for this kind of observational signature
which can help to identify a warp in an observed disc.
Since a warped disc is a genuine three dimensional struc-
ture the signatures depend not only on the inclination of the
disc, but also on the azimuth angle. Thus we present syn-
thetic observables of warped discs at three different orienta-
tion of the disc depending on the azimuth angle, measured
in the plane of the outer edge of the disc. The three cases
can be described as follows:
Case A: The disc bends along the line of sight such that
the angle between the direction of the observer and the spe-
cific angular momentum of the disc increases with decreasing
radius (see Fig. 5 b). This means that if the disc is viewed at
a non-zero inclination angle the effective inclination of the
disc increases with decreasing radius.
Case B: The disc bends along the line of sight such that
the angle between the direction of the observer and the spe-
cific angular momentum of the disc decreases with decreas-
ing radius (see Fig. 5 c). If the disc is viewed at a non-zero in-
clination angle the effective inclination of the disc decreases
with decreasing radius. Case B can be obtained from the
position of Case A by of rotating the disc by 180◦around
the rotation axis of the outer edge of the disc.
Case C: The disc bends perpendicular to the line of sight
(see Fig. 5 d). The warping of the disc is such that the pro-
jected specific angular momentum of the disc onto the plane
of the sky is rotated counter-clockwise with decreasing ra-
dius. Case C can be obtained from Case A by rotating the
disc counter-clockwise by 90◦or from Case B by rotating the
disc clockwise around the rotation axis of the outer edge of
the disc.
4.2 Continuum images
Due to the lack of kinematical information, in continuum
images the observable signatures of disc warps is limited to
surface brightness asymmetries. Variation in the observed
intensity can be caused by the variation of the density, of
the temperature or a combination of both. The wavelength
of observation and the local dust temperature will deter-
mine which physical parameter causes the surface brightness
asymmetry.
4.2.1 Near-infrared images
Current state-of-the-art NIR cameras (e.g. SPHERE/VLT,
GPI/Gemini, HiCIAO/SUBARU) can probe regions in the
disc down to several au distances from the central star in
nearby star-forming regions. At these radii the temperature
in the disc is too low for significant thermal emission at NIR
wavelengths. Thus NIR observations, dominated by scat-
tered stellar radiation, probe mainly density variations in
the upper layers of the disc.
For face-on discs, the NIR image of an unperturbed disc
shows a circular symmetric surface brightness distribution
(see Figure 5 e). A warped disc on the other hand shows a
lopsided brightness distribution such that the disc can be di-
vided azimuthally into a bright illuminated and a dark shad-
owed region each having approximately the same azimuthal
extent of about 180◦. In the fiducial model with α = 0.2 the
peak-to-peak variation of the surface brightness at r=0.5′′ is
a factor of 12 while it is a factor of 16 at r=1′′ for face-on ori-
entation. It is not only the absolute surface brightness that
is different in a warped disc compared to a symmetric disc,
but also the radial power exponent of the surface brightness
distribution. In our symmetric control model the radial sur-
face brightness falls off as R−2.5, where R is the distance from
the central star in the plane of the sky at face-on inclina-
tion. In our fiducial warp model the radial surface brightness
show strong azimuthal variation. Fitting a power law to the
radial surface brightness profile at the position angle of the
highest and lowest surface brightness results in a R−3.0 and
R−2.2 profile, respectively.
We also note that the position angle of the low-
est/highest surface brightness depends on the azimuth angle
of the warp. The strong asymmetry in the surface bright-
ness as well as its variation with the azimuth angle of the
warp can be understood in terms of the self-shadowing of
the outer regions of the disc by the inner disc due to the
warping. In the bright side the curvature of the disc is such
that it allows stronger irradiation of the disc, i.e. it curves
upwards if we are looking at the disc from the top. In the
dark side, on the other hand, the situation is the opposite,
the outer disc curves downwards into the shadow of the in-
ner regions. This explanation is further supported by the
fact that the amplitude of the surface brightness asymme-
try depends on the strength of the warp, more precisely on
∆β ′. The peak-to-peak variation of the surface brightness in
the azimuthal direction is only about a factor of 2.5 in case
of the weakest warp (α = 0.02 and an initial misalignment
of 15◦, see Figure A1). For the weakest warp in our hydro-
dynamic simulations, β ′(rin) = 5.9◦, which is very close to
Hs(rin)/rin = 0.1. This is a lower value than the criterion we
derived in Section 4.1 for β ′(rin) above which the effect of
non-axisymmetric shelf-shadowing is visible. The reason for
this is that the azimuthal asymmetry on the dark side of the
disc depends on the self-shadowing, however, on the opposite
site the curvature of the disc is such that the incident angle
of the stellar radiation is higher than in the unperturbed
disc, which makes that side of the disc brighter, making the
overall contrast higher than we estimated before from the
self-shadowing alone.
For intermediate inclinations (see Figure 5 i-l) the sur-
face brightness shows similar characteristics as for face-on
discs, meaning that one side of the disc is brighter than
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Figure 6. Same as Figure 5, but the colorscale images show synthetic ALMA observations at 340 GHz. The synthesised beam is shown
in white in the bottom left corner of each panel. No obvious azimuthal asymmetry is visible in the sub-millimetre continuum images of
warped discs. The isophotes of an inclined disc are concentric ellipses, whose position angle and aspect ratio may change as a function
of radius. The strength of this effect increases with increasing inclination angle.
the other. Interestingly in a warped disc the position an-
gle of the dark side is determined by the azimuth angle of
the warp. This is in contrast to the unperturbed disc, where
the asymmetry is always between the near and far side. In
an unperturbed disc the far side of the disc looks spatially
more extended due to the projection, but this can change
due to anisotropic scattering. For strongly forward peaking
scattering phase functions the near-side of the disc might be
brighter. This suggests a caution when determining the in-
clination and the position angle of a warped disc from NIR
images. Another interesting feature is an arc-like structure
visible beneath the ellipse of the disc as seen in Figure 5j
and Figure 5l. This arc is caused by photons scattered from
the lower side of the disc. In Figure 5j the disc on the near
side curves downwards, so that the outer regions in the up-
per near side of the disc are completely in the shadow of the
inner parts. In the lower side of the disc, however, the disc
curves outwards of the shadow of the inner regions making
it more exposed to direct stellar radiation.
NIR images of edge-on discs show two characteristic
bright horizontal lanes, caused by scattering of photons in
the optically thin disc atmosphere (see Figure 5m). These
two bright arcs are separated by a dark lane in the middle,
caused by heavy extinction in the disc mid-plane. Since the
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structure of the bright and dark lanes, i.e. the signature of
the disc atmosphere and the mid-plane, respectively, is de-
termined by the vertical structure of the disc, warped discs
are expected to show an asymmetry even at such high incli-
nation. Indeed, as can be seen in Figure 5n-p, the asymmetry
is such that the two bright horizontal lanes will not be sym-
metric to the dark lane, but either of them will be broader
and brighter than the other. If the warp is perpendicular to
the line of sight (see Figure 5p) the dark lane of the disc
midplane will show a tilt with respect to the bright lanes
of the disc atmosphere. In other words the bright lanes will
show a left-right asymmetry.
It is widely known that asymmetries in the brightness
distribution of circumbinary and circumstellar discs can be
caused by anisotropic scattering if large grains (comparable
or large than the wavelength of observations) are present in
the disc atmosphere. Disentangling between the two mech-
anisms, anisotropic scattering vs. warp, is in most cases not
difficult. Anisotropic scattering causes a surface brightness
asymmetry, that is always along the minor axis of the pro-
jected disc ellipse and the disc seems to be symmetric along
the major axis. The strength of the asymmetry is inclination
angle dependent, it increases with increasing inclination. In
contrast, azimuth angle of the surface brightness asymmetry
caused by a warp is determined by the azimuth angle of the
warp which in general is unlikely to be perfectly aligned with
the minor axis of the disc. Moreover, the strength of the sur-
face brightness asymmetry of a warp is independent of the
inclination as it is determined by the shadowing, i.e. by the
maximum tilt at the inner edge of the disc. Therefore dis-
entangling between the effect of anisotropic scattering and
a warp becomes easier for lower inclination angles.
4.2.2 Sub-millimetre continuum images
Protoplanetary discs, around binaries as well as around sin-
gle stars, are mostly optically thin in the sub-millimetre con-
tinuum, except for the very inner regions of the disc (see e.g.
Ricci et al. 2012), therefore the observed intensity is sensitive
to the variation of both column density and temperature.
Interestingly the derived maps from synthetic 340 GHz con-
tinuum observations of our fiducial warp model are largely
symmetric and do not show the large scale surface-brightness
asymmetry we see in the near-infrared (see Figure 6). The
surface brightness variation in the azimuthal direction is not
larger than about 10–15 % for face-on inclination. The rea-
son for that is most likely a combination of the low optical
depth of the disc at this wavelength and the fact that the
structure of the warp is point-symmetric with respect to the
centre of the disc. The point-symmetry of the disc structure
means that if the upper side of the disc is warmer than the
lower side at any position in the disc, in the diagonally op-
posite position the lower side will be warmer than the upper
side by the same amount. Due to the optical thinness of the
disc, all layers contribute to the observed emission, therefore
the total intensity integrated along the line shows very little
variation as a function of azimuth angle.
However, the presence of a warp in the disc might be
inferred in discs at intermediate inclination angles by looking
at the radial variation of the isophotes. The isophotes in sub-
millimetre continuum images of an unperturbed, symmetric
disc at nonzero inclination angles are concentric ellipses with
the same eccentricity and position angle of the semi-major
axis (see Figure 6i). In case of a warped disc the isophotes
will still be ellipses but their eccentricity and the position
angle of the semi-major axis will depend on the distance
from the star (see Figure 6j-l). In case the disc curves along
the line of sight (see the middle two columns of Figure 6) the
effective inclination angle of the disc changes as a function
of radius. The position angle of the isophote ellipses will not
change with the distance from the star but their eccentricity
increases or decreases depending on the curvature of the
inner disc. If the azimuth angle of the warp is different from
the line of sight not only the eccentricity of the isophotes but
also their position angle will change as a function of distance
from the central star.
The change of the morphology of the isophotes as a
function of the distance from the star is caused by pro-
jection. Due to the optical thinness of the disc the sub-
millimetre emission is dominated by a vertically thin layer
close to the mid-plane of the disc due to the vertical Gaus-
sian density structure of the disc. Since in the optically thin
limit the observed intensity depends linearly on the surface
density, temperature and dust opacity, the isophotes will
mark the position of points in the disc where these physi-
cal parameters have the same, or very similar values in the
disc mid-plane. In an unperturbed disc (right column in Fig-
ure 6e,i,m) these parameters vary in an axisymmetric way,
thus the isophotes will be concentric circles for zero incli-
nation angle and concentric ellipses for nonzero inclination
angles, due to the projection of the disc onto the plane of
the sky. However a warped disc is not a truly axisymmetric
structure and the highest density layer of the disc, i.e. the
disc ”mid-plane” is not a plane anymore. The density of a
warped disc depends most importantly on the spherical ra-
dius thus the isophotes will be ellipses when projected onto
the plane of the sky. The eccentricity and position angle of
the isophotes will however be determined by the local tilt
and twist angle.
At extreme high inclination angles an asymmetry in the
surface brightness distribution is clearly visible if the disc
curvature is perpendicular to the line of sight (Case C, see
Figure 6p). In this case the surface brightness distribution
will show an S-shaped curvature along the disc plane. This
curvature of the surface brightness distribution is caused by
the projection of the density of the warped disc onto the
planet of the sky, thus the curvature of the surface bright-
ness shows the curvature of the disc plane. If the orientation
of the warp is such that the disc curves along the line of
sight (see Figure 6n, o) then the signature of the warp is ex-
tremely challenging to see in sub-millimetre continuum ob-
servations. At our chosen spatial resolution, high enough to
resolve the inner hole of the disc, the image of the warped
disc cannot be disentangled from that of the unperturbed
disc if the curvature of the warp is along the line of sight
even for the strongest warp in our models. The strength of
the signature of the warp in sub-millimetre continuum ob-
servations decreases with the strength of the warp, i.e. ∆β ′.
The most weakly warped disc in our hydrodynamic simu-
lation can only be distinguished from an unperturbed disc
if the disc bends perpendicular to the line of sight and the
inclination is at least ∼ 45◦ (see Figure A2). Even in this
case the warp signature is very weak thus one would need
extremely high S/N to be able to detect it.
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Figure 7. Spatially integrated line profile of the CO J=3-2 line of our fiducial model. The black line shows the spectrum of a warped disc
while the red line shows the line profile of a symmetric unperturbed disc for comparison. The inclination and position angle of the warp
is shown in the bottom left and right corners, respectively. For low inclination angles (Panel a,b,c) the line profile of warped disc shows
extended wings, indicating significantly higher projected velocities close to the inner edge of the disc than in an unperturbed disc. For
face-on discs the presence and strength of the extended wing component is independent of the orientation of the warp. At intermediate
inclination angles (Panel d,e,f) the presence of an excess or lack of emission on the line wings depends on the position of the warp, i.e.
whether the effective inclination angle increases or decreases inwards in the disc. If the disc orientation is such as in Case C, i.e. if the
disc bends close to perpendicular to the line of sight the surface brightness asymmetry in the disc causes an asymmetry in the strength
of the Keplerian peaks (see Panel f). The strength of the deviation of the line profile from that of an unperturbed disc decreases with
increasing inclination. For edge-on discs (Panel g,h,i) the line profile of a warped disc is practically indistinguishable from that of an
unperturbed disc.
4.3 Gas line observations
4.3.1 Spatially integrated line profiles
In contrast to continuum observations gas lines provide in-
formation on both the surface brightness distribution and
on the kinematics of the disc. Kinematical information is es-
pecially valuable when it comes to the detection of warps. In
Figure 7 we present the spatially integrated CO J=3-2 spec-
tra of our fiducial warp model derived from the synthetic
ALMA observations. The line profiles of warped circumbi-
nary discs can show two kinds of deviations from that of an
unperturbed, symmetric disc.
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Figure 8. Variation of the line profile as a function of optical
depth in our fiducial model as seen in the J=3-2 transition of var-
ious CO isotopologues. A linear continuum has been subtracted
from the spectral lines, which were then normalised to their peak
value. The inclination of the outer disc is i = 45◦ and the disc
is bending perpendicular to the line of sight (Case C). The CO
line shows a clear asymmetry in the strength of the Keplerian
peaks but the amount of asymmetry in the line profile decreases
from CO, through 13CO and C18O to C17O. This behaviour is
caused by the increasing azimuthal temperature variation in the
disc with increasing height above the midplane. The higher the
optical depth in the lines, thus the higher they originate above
the midplane, the higher the asymmetry of the Keplerian peaks
will be.
The excess or deficiency of flux in the line-wings com-
pared to a profile of a symmetric, Keplerian disc is caused
by the kinematical asymmetry alone. If the disc curves along
the line-of-sight, the variation of β ′(R) causes the effective
inclination angle of the disc to change as a function of radius.
It can be seen in Figure 7 that depending on whether the in-
ner disc has a higher (Figure 7a, d and g) or lower inclination
angle (Figure 7 b, e and h) than the outer disc, we will see an
excess or deficiency of emission at high velocities compared
to an unperturbed disc. For perfectly face-on orientation,
the highest velocity at which we can detect emission (vmax)
depends on β ′ only such that vmax = vin sinβ ′. For non-zero
inclinations the expression for vmax is more complicated as it
depends not only on β ′ but also on the inclination angle and
on the azimuth angle of the warp at the inner edge of the
disc. Nevertheless it is clearly visible in Figure 7 that the sig-
natures of kinematical deviations from the line-profile of an
unperturbed disc decrease with increasing inclinations. For
edge-on orientation there is barely any difference between
the line profile of our symmetric control disc model and the
line profiles of a warped disc.
The other type of deviation of the line profile of warped
discs from that of an unperturbed disc is related to surface
brightness asymmetry. Surface brightness asymmetries be-
tween the left and the right side of the disc translate to an
asymmetry of the two Keplerian peaks in the line-profiles
of discs seen at non-zero inclination angle (see Figure 7f).
The difference in the flux in the two Keplerian peaks in the
CO J=3-2 line is on the order of 15–20 %. The amount of
asymmetry depends also on the inclination (decreases with
increasing inclination angle), on the orientation of the warp
as well as on the optical depth of the line. The asymme-
try is the strongest if the disc curves perpendicular to the
line of sight. Since the surface density distribution remains
symmetric in our models, the asymmetry must be related
to the asymmetries in the temperature. Indeed, the J=3-2
transition of CO originates high above the mid-plane of the
disc, close to the disc atmosphere. As we showed in previous
Sections the asymmetry in the temperature structure of a
warped disc is the strongest in the upper layers of the disc
and it decreases towards the disc mid-plane. Therefore, the
higher above the mid-plane a line originates the stronger the
asymmetry becomes.
In Figure 8 we compare the line profiles of the various
CO isotopologues in the J=3-2 transition. As can be seen
in Figure 8 the amount of asymmetry of the line profile de-
creases from CO through 13CO, C18O to C17O. While the
CO line is clearly asymmetric in the strength of the Keple-
rian peaks, there is barely any asymmetry visible in the C17O
J=3-2 line. The reason for that can be found in the region
where these lines originate. The highest optical depth across
the CO J=3-2 line is ∼4700 indicating that the CO emis-
sion originates high above the mid-plane. Since the line is
highly optically thick the surface brightness variation in the
CO line reflects the azimuthal variation in the temperature,
which we showed earlier to increase with the height above
the disc mid-plane. While the optical depth of the 13CO line
(∼65) is lower than that of CO it is still highly optically thick
and thus its line profile shows a similar asymmetry to that
of the CO line. Even though the highest optical depth in the
C18O and C17O are higher than unity, 4.5 and 2.3, respec-
tively, they are low enough that the emission is dominated
by regions close to the midplane. Since the variation of the
temperature is lower close to the disc midplane than in the
layer where the CO emission originates, the surface bright-
ness – thus the line-profile – asymmetry is also higher in the
CO line than it is in that of the more optically thin isotopo-
logues. We note that in typical protoplanetary discs around
T Tauri stars the C17O J=3-2 is expected to be highly opti-
cally thin, due to the freeze out of the molecules close to the
mid-plane decreasing its abundance. However, in our model
the temperature is higher than the freeze out temperature
of CO (∼19 K) due to the high stellar luminosity causing
the increase of column density, thus optical depth of all CO
lines.
The dependence on the asymmetry on the position an-
gle of the warp is also easily explained as well. Asymmetry
in the strength of the Keplerian peaks in the line-profile re-
quires surface brightness difference between the left and the
right side of the disc. Therefore this kind of line-profile asym-
metry is the strongest if the warp is perpendicular to the line
of sight. In case the disc curves parallel to the line-of sight,
the surface brightness asymmetry due to the self-shadowing
of the disc will also be along the line of sight, thus the Ke-
plerian peaks will remain symmetric. The strength of the
kinematical signature as well as the asymmetry in the line
profile depends on the strength of the warp, β ′(rin), which in
turn in this regime is controlled by the initial misalignment
angle between the binary and the disc and the viscosity. In-
deed in the most weakly warped model (β ′(rin)≈ Hp/r) the
line profile of the CO J=3-2 line is practically indistinguish-
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Figure 9. Predicted ALMA observations in the CO J=3-2 line. The colourscale images show the integrated intensity (0th moment map)
while the contour lines show the intensity weighted velocity (1st moment) map. Dashed contours denote negative velocity. Panel a–d
show the orientation of the warp in the disc in each column. The synthetised beam is shown in white in the bottom left corner of each
panel. The surface brightness distribution of warped discs shows asymmetries at all inclination angles. For face-on discs (Panel f–h) the
projected velocity increases towards the inner edge of the disc independently of the orientation of the warp. At intermediate inclinations
(Panel j–l) the projected velocity of a warped disc increases or decreases inwards depending on the orientation of the warp. In case
the disc does not bend along the line of sight the velocity field shows a characteristic twist around the centre of the disc (see Panel l).
The strength of the kinematical signatures of warp decreases with increasing inclination angle. For edge-on discs the velocity field is
practically indistinguishable from that of an unperturbed disc (Panel n–p).
able from that of an unperturbed disc at most inclination
angles. The difference in the strength of the Keplerian peaks
for such weakly warped discs is only a few percent (see Fig-
ure A3d–i). The excess emission at high velocities is only
at 10 % level at face-on inclination and it decreases with
increasing inclination.
We wish to emphasise that it is extremely challenging if
not impossible to infer the presence of a warp from spatially
integrated line profiles. The spatially integrated line profile
depends on the inner and outer radius of the disc, the incli-
nation angle, and the temperature profile. The presence of a
warp can only be unambiguously determined from spatially
integrated line profiles if the inner and outer radius of the
disc, the inclination angle, and the temperature profile of the
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Figure 10. Predicted channel maps of warped disc in the CO J=3-2 line in ALMA observations. Panels a–d shows a cartoon depicting
the structure and orientation of the warp. The left column shows the channel maps of an unperturbed disc for reference. The channel
maps are shown at v=-1.2 km/s (Panel e–h), v=0 km/s (Panel i–l), v=+1.2 km/s (Panel m–p), respectively. The inclination of the outer
disc is i = 10◦.
disc is known with reasonable accuracy. In case of a warped
disc, the excess or deficit of emission on the line-wings is
caused by the radial dependent effective inclination due to
the curvature of the disc, that changes the projected veloc-
ity as well as the projected emitting area. However, when
comparing an observed line profile to a model, the assump-
tion of a smaller or larger inner disc radius than in reality
can result in an apparent excess or deficit of flux on the line
wings in the observed line compared to the model, mimicing
the effect of a warp. A similar effect might be achieved if the
temperature profile is steeper or shallower in the model than
it is in reality and the line is optically thick. In this case the
line intensity will change faster or slower with radius than in
reality affecting the emission on the line wings. In a warped
disc the asymmetry of the Keplerian peaks is caused by the
non-axisymmetric self-shadowing of the disc. However, fore-
ground extinction, pointing errors, the presence of another
unresolved source at a a slightly different systemic velocity
can all cause an asymmetry in the strength of the Keplerian
peaks. Moreover, there can also be other physical asymme-
tries in the system, e.g. if the disc becomes eccentric due to
a companion (see Rega´ly et al. 2010, 2014), that can cause
an asymmetry between the Keplerian peaks, which are not
related to warps.
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4.3.2 Spatially resolved line observations
Spatially resolved observations are invaluable in identifying
warps in circumbinary discs, especially in case of gas line
observations. In Figure 9 we present the synthetic CO J=3-
2 integrated intensity and intensity weighted velocity maps,
i.e. the 0th and 1st moment maps, respectively. The inte-
grated intensity maps show deviations from that of a sym-
metric disc at practically all inclination angles.
For face-on orientation (see Figure 9e–h) the morphol-
ogy of the azimuthal surface brightness asymmetry is sim-
ilar to that in NIR scattered light. The surface brightness
on the brighter side of the disc is about 40 % higher than
on the opposite side of the disc. This asymmetry is caused
by the azimuthal variation of the temperature in the disc at
the height above the midplane where the CO emission origi-
nates. This explanation is also supported by the fact that the
position angle of the bright and dark sides of the disc is set
by the orientation of the warp. The intensity weighted veloc-
ity map shows no significant radial velocity close to the outer
edge of the disc as expected for a face-on disc. In contrast,
close to the inner edge of the disc significant projected radial
velocity is detected revealing the typical projected velocity
pattern of a rotating disc at non-zero inclination angle. The
lowest and highest velocity detected in our fiducial model at
the inner edge of the disc is −5.8 /km/s and +5.8 km/s, re-
spectively. This behaviour is caused by the curvature of the
disc mid-plane, as warping of the disc appears as a radial
dependent inclination of the disc. Therefore, even though
the outer edge of the disc is seen perfectly face-on, the inner
edge has a non-zero inclination angle due to the warping.
At an inclination angle of i = 45◦, there are two kinds of
deviation in the surface brightness distribution of a warped
disc from that of an unperturbed disc. If the orientation of
the warp is such that the disc curvature is along the line of
sight (see Figure 9j,k) The radial surface brightness distribu-
tion is steeper or shallower, compared to that of a symmetric
disc, depending on whether the local effective inclination an-
gle increases or decreases inwards in the disc. If the inclina-
tion angle of the disc increases inwards the projected radial
velocity will increase above that of a symmetric disc or vice
versa if the inclination of the disc decreases inwards. In case
the disc curvature is perpendicular to the line of sight the
both the surface brightness distribution and the projected
velocity show and ”S”-shaped, twisted structure. This ”S”-
shaped twist in the velocity map is even more clearly seen at
low inclination angles in channel maps at zero velocity (see
Figure 10). The formation of this twisted projected velocity
map can be easily understood. The zero projected velocity
in a symmetric disc is always along the minor axis of the
projected disc ellipse, i.e. along a straight line. However, if
the disc is tilted at any given radius perpendicular to the line
of sight, the projected velocity along that straight line will
not be zero anymore. The zero velocity at that particular
radius will be shifted to either side of the disc. Thus if the
local tilt angle changes as a function of radius it will cause
a radial dependent azimuthal shift in the projected velocity,
i.e. it will cause the twisting of the projected velocity map
around the centre of the disc.
Asymmetry in the surface brightness distribution in our
fiducial model is observable in most cases even if the disc is
seen edge-on. In Case A/B orientation of the warp the asym-
metry is between the upper and the lower side of the disc. In
this case either the lower or the upper side of the disc gets
more irradiation than the other, depending on which way
the inner disc bends, due to to self-shadowing by the inner
disc, which translates to temperature asymmetry between
the two sides of the disc that is reflected in the optically
thick CO emission maps (see Section 4.1 and Figure 4a).
The difference in irradiation and temperature between the
upper and lower side of the disc is clearly visible in the sur-
face brightness in Case C orientation, i.e. if the disc bends
perpendicular to the line of sight (see Figure 9p). Interest-
ingly, as we have already seen in the case of the spatially
integrated line profile, the projected velocity field of edge-
on warped discs show negligible deviation from that of an
unperturbed disc, which is due to the nature of the projec-
tion.
The surface brightness asymmetry by itself is not nec-
essarily a unique characteristics of warps in circumbinary
discs. It is known, that in spatially resolved observations
of optically thick gas lines the far side of the disc can ap-
pear to be brighter than the near side even for symmetric
discs. However, this is just an observational artifact caused
by the projection. The surface brightness in optically thick
gas line observations depends on the local temperature and
the projected emitting area. In flared discs the emitting are
is smaller on the near side of the disc, due to the projec-
tion, than on the far side, causing an apparent lower sur-
face brightness on the near side compared to the far side.
Even though the strength of this effect can be comparable
to the surface brightness asymmetry caused by warps in the
disc, the kinematics of the disc is only affected by the warp.
Therefore kinematical signatures are more robust diagnos-
tics of warps in spatially resolved gas line observations than
the surface-brightness asymmetry alone.
4.3.3 Effect of inclination on kinematical diagnostics of
warps
As we showed in Section 4.3.1 and Section 4.3.2 kinematical
signatures are important direct observational diagnostics of
warps in circumbinary discs. However, the strength of the
deviation in the projected velocity structure of a warped
disc from that of a symmetric Keplerian disc depends on
the inclination both in spatially resolved line profile and in
spatially resolved channel maps. The velocity deviation in a
warped disc becomes stronger for lower inclinations. This is
clearly seen in spatially integrated line profile (see Figure 7).
The reason for that is the following. Let us consider a warped
disc in Case A/B orientation, i.e. when the disc bends along
the line of sight. The difference in the projected velocity of a
symmetric (vsym) and a warped disc (vwarp) along the major
axis of the projected disc ellipse depends on the inclination
angle and the tilt angle such that vsym − vwarp ∝ vk(sin i±
sin(i±∆β ′)), with vk being the Keplerian velocity. It is easy
to show, by expanding the velocity difference in the powers
of i and ∆β ′, that for low inclination the velocity difference
between a warped and a symmetric disc to linear order is
set by vk∆β ′ only. In contrast, for high inclination angles the
velocity difference decreases to linear order as vk∆β ′(pi/2− i)
with the inclination angle. For i = 90◦ the velocity difference
between an unperturbed and a warped disc becomes vk(1−
MNRAS 000, 1–18 (2016)
Observability of warps in circumbinary discs 17
cos∆β ′), i.e. only a few percent of the local Keplerian velocity
in the strongest warps in our models.
The orientation of the warp and the inclination of the
outer edge of the disc can have an extreme strong effect on
the appearance of the disc in gas-line observations at low in-
clination angles as clearly visible in Figure 10. If ∆β ′ > iout,
where iout denotes the inclination angle at the outer radius of
the disc, and the orientation of the warp is such as in Case
A (see Figure 10f,j,n) the structure of the channel maps
of warped discs does not show any peculiarity. In this case
the presence of the warp can only be inferred from the pro-
jected radial velocity curve, i.e. an increasing excess velocity
towards the inner edge of the disc above that of an unper-
turbed disc, and the possible surface brightness asymmetry.
In contrast, if the disc bends in the opposite direction, i.e.
the effective inclination angle decreases inwards (Case B),
the rotation of the disc seems to change direction at a cer-
tain radius. The local effective inclination angle of the disc
in this case is i(r) = iout−β ′(r). Thus, at the radius where
β ′(r) = iout the projected velocity vanishes, and inwards of
the radius, where β ′(r) > iout, the projected velocity changes
sign, causing the disc to appear as if it would be rotating
in the opposite direction than in the outer regions. This ap-
parent change in the direction of rotation is a characteristic
feature of warped disc by which the presence of a warp in
the disc is easily identified.
5 SUMMARY AND CONCLUSIONS
We performed 3D SPH hydrodynamical simulations in com-
bination with 3D radiative transfer calculations to study
the observational signatures of linear warps in circumbinary
discs. The main conclusions of this study can be summarised
as follows.
Our numerical simulations confirm previous analytical
results on the dependence of the twist (γ(r)) and the tilt
(β (r)) angles on the viscosity and the initial misalignment
between the binary orbital plane and the disc. For a given
fixed binary mass ratio and orbital parameters, the tilt an-
gle shows extremely weak dependence on viscosity but it de-
pends linearly on the initial misalignment angle. The twist
on the other hand is independent of the initial misalignment
and set by the viscosity instead. The observational signa-
tures of warped disc are determined by β ′(r) and γ ′(r) which
are the equivalent of the tilt and the twist angles in a co-
ordinate system aligned with the plane of the outer edge of
the disc.
The thermal structure of warped circumbinary discs
shows deviations from that of a symmetric disc both in
the vertical and in the azimuthal direction due to the non-
axisymmetric shadowing of the outer regions by the inner
edge of the disc. The self-shadowing of the disc is character-
istically large scale in the azimuthal direction and results in
a non-axisymmetric surface brightness distribution in spa-
tially resolved observations. The surface brightness asym-
metry, whose azimuthal direction is set by the orientation of
the warp, is seen at all inclination angles in the continuum
at infrared wavelengths and in the optically thick line emis-
sion that originates close to the disc surface. In spatially re-
solved sub-millimetre continuum observations the disc shows
a largely symmetric surface brightness distribution, since the
emission originates mostly close to the midplane, where the
thermal structure is not significantly affected by the warp.
Warped discs show characteristic deviations in the pro-
jected velocity structure from that of a symmetric Keplerian
disc. If the disc bends along the line of sight, the effective
local inclination angle of the disc decreases or increases de-
pending whether the disc bends towards or away from the
observer. In this case even though the projected velocity
map remains symmetric, resembling that of an unperturbed
disc, a deficit or excess emission at high velocities can be
seen compared to the velocity pattern of an unperturbed
Keplerian disc. In the most extreme case if the disc bends
towards the observer more than the inclination angle of the
outer edge of the disc, the inner edge of the disc appears
rotating in the opposite direction than the outer edge of the
disc. If the disc bends perpendicular to the line of sight spa-
tially resolved channel maps at the systemic velocity and the
zero velocity curve in first moment maps show an S-shaped
curvature. In this case the surface brightness asymmetry will
appear between the left and right side of the disc in optically
thick lines, causing an asymmetry in the strength of the two
Keplerian peaks in the spatially integrated line profile. The
strength of the kinematical signatures of warps decreases
with increasing inclination angle.
Finally, we note that even though in this paper we fo-
cused on the specific case of warped circumbinary discs, the
general observational features of warped discs do not depend
on the physical mechanism generating the warp. Some de-
tails can obviously be different for different tilt and twist
structures, but our main conclusions are quite general for
any exciting torque, i.e. for any warped disc.
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APPENDIX A: EFFECT OF THE STRENGTH
OF THE WARP ON THE OBSERVATIONAL
SIGNATURES
Here we present synthetic observations calculated from the
weakest warp in our hydrodynamic simulations. Since the
strength of the perturbation decreases with decreasing vis-
cosity (α) and decreasing initial misalignment angle (β0)
the weakest deformation of the disc appears in our hydro-
dynamic simulation with α = 0.02 and β0 = 15◦.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure A1. Same as Figure 5, but for the weakest warp in our simulations with α = 0.02 and β0 = 15◦. The deviation of the surface
brightness distribution of such weakly warped disc from that of that of an unperturbed, symmetric disc is significantly weaker than in our
fiducial model at all inclination angles. The presence of a warp might be inferred from the shift of the stellar position from the centre of
the disc as seen in scattered light. However, this effect can also be caused by anisotropic scattering if the grains are comparable or larger
than the wavelength of observations. Note that the smaller outer radius of the warped discs compared to the unperturbed model, whose
surface density is based on our fiducial model (with α = 0.2 and β0 = 30◦) is due to the faster spreading of the disc in the hydrodynamic
simulations in the fiducial model.
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Figure A2. Same as Figure 6, but for the weakest warp in our simulations with α = 0.02 and β0 = 15◦. In most cases such weak warping
does not cause any observable deviation in the surface brightness distribution from that of an unperturbed disc. The warping is only
visible in panels l and p, i.e, if the disc is bending perpendicular to the line of sight. In this case the warping of the disc causes the
position angle of the isophotes to change with radius.
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Figure A3. Same as Figure 7, but for the weakest warp in our simulations with α = 0.02 and β0 = 15◦. The warping of the disc in
this model is so low that the deviation of the line-profile from that of an unperturbed disc is only visible if the outer disc is seen
face-on. At moderate to high inclination angles the line profile of such weakly warped disc and that of an unperturbed symmetric disc is
indistinguishable from each other. In real observations with realistic noise levels the detection of a warp can be challenging even at very
low inclination angles.
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Figure A4. Same as Figure 9, but for the weakest warp in our simulations with α = 0.02 and β0 = 15◦. Both the kinematic signatures and
the surface brightness asymmetry are significantly weaker than in the fiducial model with α = 0.2 and β0 = 30◦. The surface brigthness
asymmetry is only visible clearly when the disc is seen at a very high inclination angle and the disc is bending along the line of sight
(Panel n, o). The strength of the kinematic signatures decreases with increasing inclination angle.
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Figure A5. Same as Figure 10, but for the weakest warp in our simulations with α = 0.02 and β0 = 15◦. In this case β ′(rin) = 5.9◦. Since
the assumed inclination angle is larger (i = 10◦) no apparent counter rotation occurs. However, the warping of the disc is visible if the
disc bends perpendicular to the line of sight (Case C) as the emission at the zero velocity channel becomes twisted. If the disc bends
along the line of sight (Case A/B), warping of the disc becomes difficult to recognise, especially in Case A.
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